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LINEAR EVOLUTION EQUATIONS WITH CYLINDRICAL LEVY 
NOISE: GRADIENT ESTIMATES AND EXPONENTIAL 

ERGODICITY 
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Abstract. Explicit coupling property and gradient estimates are investigated for 
the linear evolution equations on Hilbert spaces driven by an additive cylindrical 
Levy process. The results are efficiently applied to establish the exponential er- 
godicity for the associated transition semigroups. In particular, our results extend 
recent developments on related topic for cylindrical symmetric a-stable processes. 
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1. Introduction and Main Results 

Let H be a real separable Hilbert space with the norm || • ||, and {A,D{A)) be a 
linear possibly nnbounded operator which generates a Co-semigronp (i.e. a strongly 
continuons one-parameter semigronp of linear operators) (Tt)t^o on H. Consider the 
following linear evolution equation; 

(1.1) dXt = AXt dt + dZt, f ^ 0, Aq = X G H, 

where Z = {Zt)t^o is an infinite dimensional Levy process which may take values in 
a Hilbert space U usually greater than H. The Markov process X = {Xf)t^Q deter¬ 
mined by (1.1) (if exists) is called a Levy driven Ornstein-Uhlenbeck process, e.g. 
see [1, 2, 9, 21, 28] and the references therein. The associated transition semigroup 
acting on the class of all bounded measurable functions on H, is given by 

PJ{x) := E/(An, 

which is called a generalized Mehler semigroup in the sense of [6, 12, 17]. 

Throughout this paper we suppose that the infinite dimensional Levy process 
^ = {Zt) fj>o in (1.1) is defined by the orthogonal expression 

OO 

(1.2) Zt = Y, Z'ten, t ^ 0, 

n=l 

where {cn) is an orthonormal basis of H and (^")t^o,n^i are independent real valued 
pure jump Levy processes defined on a fixed stochastic basis. We call {Zt)t^o given by 
(1.2) an additive cylindrical Levy process, see [3] for the recent study on cylindrical 
Levy processes. We also need the following assumption on the operator [A, D{A)): 
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Hypothesis (H). The operator {A^D{A)) is a self-adjoint operator such that for 
the fixed basis (e„) in (1.2) it verifies that (e„) C D{A), Acn = —'Jnen with 7 ^ > 0 
for any n ^ 1, and lim 7 ^ = 00 . 

n—^oo 

That is, we require that the basis (e„) from the representation (1.2) are eigen¬ 
vectors of A. Then, we can identify H with P = {x = {xn) ■ 

A with the diagonal operator Axn = —'yn^n for (xn) £ P and n ^ 1. Thus, under 
assumptions (1.2) and (H), the equation (1.1) can be solved for each coordinate 
separately, i.e.. 


dx^.n ^ dt + dZf, = Xn, ne IN, 

with X = (Xn) G P- Therefore, the unique solution to the equation (1.1) can be seen 
as a stochastic process X = (Xf)t^o taking values in with components 


(1,3) 


Xf’" = e-^’‘x„ + / dZ", ij 6 M, f J 0, 


In the following, we always assume that the process X = (Xf)i^Q takes values in 
H. According to Corollary 2.3 below, this is guaranteed if and only if 


OO / « 

(1.4) £/ 

^ >^0 V J{\ 




Z^Vnidz) 


'{|z|>eT'"'>} 


Vnidz) ) ds < CX), 


where for any n ^ 1, is the Levy measure of the Levy process (Zp)t^o on R. We 
first study the coupling property and explicit gradient estimates of the associated 
Markov semigroup for the process X. Recall that the process X has successful 
couplings (or has the coupling property) if and only if for any x,y G M, 


lim \\Ptix, ■) - Pt{y, Ollvar = 0, 

>oo 

where Pt{x,dz) is the transition kernel of the process X and || • ||var stands for the 
total variation norm. Let {Pt)^o be the transition semigroup of the process X. The 
uniform norm of its gradient is defined as follows: 


||VFi||oo := sup yX^Ptg{x)\ : || 2 ;|| ^l,x eli,g e Rb(H) with ||fi^||e,oo ^ 1 
where 

\XzPtg{x)\ := lim sup - Ptg{x -f ez) - Ptg{x) 


and ||5'||e,oo is denoted by the supremun norm, i.e. ||fi'||e,oo = sup 3 ,gjfj |( 7 (a;)|. A 
continuous function / : [0, ex) —)■ [0, oo) is said to be a Bernstein function if 
(_l)fcj(^)( 2 ;) ^ Q for all x > 0 and k ^ 1. One of our main contributions is as 
follows. 


Theorem 1.1. Let X = (Xf)fj>o be the process with components (1.3) taking values 
in H, i.e. (1.4) holds. Suppose that for any n ^ 1, the Levy measure of the Levy 
process {Zf)t^Q on R satisfies that 

(1.5) l^n{dz) ^ \z\~'^fniz~^)dz, 


where fn is a Bernstein function with /n(0) 
any f > 0 and x, ?/ G H, 


0 and lim 

r—>-oo 


U(r) 

log(l+r) 


X. Then, for 


( 1 , 6 ) 


VPfIloo ^ C) 


tl 
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and 

where 


\Pt{x, ■) - Pt{y, Ollvar ^ ‘2.Ct\\x - y\\, 


Ct := -^/2sup 
k>l 


e (ir I A ( 


- (cosl)(l-e 


dr 


t > 0. 


The coupling property and gradient estimates have been intensively studied for 
linear stochastic differential equations driven by Levy processes on see e.g. [5, 
33, 34, 35, 36, 37]. Among them, gradient estimates for linear evolution equations 
on R'^ have been obtained in [37, Theorem 1.1] by using a similar bound condition 
(1.6) on the Levy measure, and then they are improved in [33, Theorem 1.3] and [35, 
Theorem 3.1] via the symbol of Levy processes. Recently, by using the lower bound 
conditions for the Levy measure with respect to a nice reference probability measure, 
we have successfully obtained the coupling property and gradient estimates for linear 
stochastic differential equations driven by non-cylindrical Levy processes on Banach 
spaces, see [38, Theorem 1.2]. However, as mentioned in the paragraph before [38, 
Theorem 1.1], the situation for cylindrical Levy processes is essentially different from 
that for non-cylindrical Levy processes. This implies that the framework adopted 
in [38] does not apply to the present settings. We stress that Theorem 1.1 improves 
[23, Theorem 4.14] for cylindrical symmetric a-stable noise, and also points out the 
difference form non-cylindrical Levy processes. 

As an application of Theorem 1.1, we will study the exponential ergodicity for the 
stochastic process X = with components (1.3). Let {fn)n^i be a sequence 

of Bernstein functions, and for any f > 0, let Ci be the constant defined in Theorem 

1 . 1 . 


Theorem 1.2. Suppose that for any n ^ 1, {Zf)t^o in (1.3) is a symmetric pure 
jump Levy process associated with the (symmetric) Levy measure z/„. Assume that 
the following two assumptions hold: 

(i) There exists a constant a G (0,1] such that 


QQ 1*00 / r r 

Y, / Un{dz) + / 

n=l do \ i{p|>eT'"“} 



ds < oo; 


(ii) For any 1, 

lZn{dz) ^ \z\~^fniz~^)dz, 
where fn is a Bernstein function such that /n(0) 
lim Ct = 0. 

t—^OO 


0, lim 

r—>-oo 


fnjr) 

log(l+r-) 


OO and 


Then, the process X = {Xf)t^Q with components (1.3) takes values in H, and there 
exist the unique invariant measure y and a constant C > 0 such that for any t > 0 
and X G H, 

\\Pt{x, •) - /i]|var ^ C{1 + ]|x]|")C“. 


The remaining part of this paper is organized as follows. In Section 2 we present 
some preliminaries on cylindrical Levy processes. Section 3 is devoted to the proof 
of Theorem 1.1. Here, the most important estimates for the density function of one¬ 
dimensional subordinate Brownian motions are established in Proposition 3.1, which 
is key to the proof of Theorem 1.1 and indicates the difference from finite dimensional 
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situations. We also obtain the gradient estimate and the coupling property for the 
linear evolution equation driven by cylindrical subordinate Brownian motions, see 
Proposition 3.2 below. In Section 4, we will study the exponential ergodicity for the 
linear evolution equations (1.1). The proof of Theorem 1.2 is presented. 

2. Preliminarily: Cylindrical Levy Processes on Hilbert Spaces 

In the section, H will denote a real separable Hilbert space with the inner product 
(•, •) and the norm || • ||. We will £x an orthonormal basis (e„) in H. Through the 
basis (e„) we will often identify H with /^. More generally, for a given sequence 
P = {pn) of real numbers, we set 

(2.7) := |(a:„) G < ooj. 

n=l ' 

It is clear that becomes a separable Hilbert space with the inner product (x, y) = 

OO 

E XnVnpl for X = (Xn), 2/ = (|/n) G fp. 

n=l 

Let us recall that a Levy process Z = with values in H is an H-valued 

process dehned on some stochastic basis (H,^, (.^t),P), continuous in probability, 
having stationary independent increments, cadlag trajectories, and such that Zq = 0, 
P-a.s. It is well known that 

= exp ( - f$(x)), x G H, 

where the characteristic exponent (or the symbol) <h can be expressed by the fol¬ 
lowing inhnite dimensional Levy-Khintchine formula 

= ^{Qx,x) - i{b,x) + j -f f(x, n((i 2 ;), x G H. 

Here Q is a non-negative, self-adjoint trace class operator on H, 6 G H and H is the 
Levy measure on H\{0} such that IkiP) ^{dz) < oo. We call the triple 

(Q, b, H) the characteristics of the Levy process Z, e.g. see [20, Chapter VI] and [21, 
Chapter 4]. 

For cylindrical Levy process Z given by (1.2), we assume that (Z”)t 3 .o,n^i are de¬ 
hned on the same stochastic basis (fl, {^t), R) satisfying the usual assumptions. 
Since for any n ^ 1, {Z^)t^o is a pure jump Levy process on R, we have, for each 
n ^ 1 and f ^ 0, 

h G R, 

where 

(2.8) ipnih) = j (^1 - + ihzl{\^\^i}^ Vn{dz), h G R, n ^ 1, 

and Pn is the Levy measure on R\{0} with ^n{dz) < oo, e.g. see [29]. 

The following result essentially follows from [21, Theorem 4.40], which gives us an 
if and only if condition such that the cylindrical Levy process Z = (Zt)t^o given by 
(1.2) takes values in H. 
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Proposition 2.1. ([21, Theorem 4.40]) The cylindrical Levy process Z given by 
(1.2) takes values in H if and only if 

OO « 

(2.9) / (1 ^^) ^n{dz) < OO. 

n=l d 

As a direct consequence, we have the following example. 


Example 2.2. Let Z = {Zt)t^o be a cylindrical Levy process with the following 
form 

OO 

( 2 . 10 ) Zt = J2(^nZfen, t^o, 

n=l 


where (e„) is an orthonormal basis of H, (Z”)tj>o,n>i sue independent, real valued, 
identically distributed Levy processes dehned on a hxed stochastic basis, and [fdn) 
is a given possibly unbounded sequence of positive numbers. Let u be the common 
Levy measure corresponding to (Z”)t^o,n^i, e.g. see (2.8). Then, the cylindrical Levy 
process Z given by (2.10) takes values in H if and only if 


^ V J{\ 


{|z|sSl//3„} 


v^dz) 


'{|2|>1//3„} 


^{dz) ) < OO. 


Example 2.2 covers [23, Proposition 3.3] for cylindrical symmetric a-stable pro¬ 
cesses, and also extends [25, Proposition 2.4] where for any n ^ 1, the symmetry of 
the Levy process (Zf')t^o is required. On the other hand, according to Proposition 
2.1, we know that the cylindrical Levy process Z given by (2.10) is a Levy process 
with values in the space Ip, see (2.7), where {pn) is a sequence of positive numbers 
such that 


n=l 


( (PnPnf 




u{dz) 


{|z|>l/ {pn07i)} 



< OO. 


That is, with the sequence (p„) above, the cylindrical Levy process Z given by (2.10) 
is an honest /^-valued Levy process, see [23, Remark 4.1] and [25, Remark 2.7]. 

Furthermore, as an application of Proposition 2.1, we can provide a criteria such 
that the process X = with components (1.3) takes values in H. 


Corollary 2.3. The process X = (Xf)t^o with components (1.3) takes values in H 
if and only if (1.4) holds. Moreover, under (1.4), X = (Xf)t^o 'Is a Markov process, 
and 

OO 

Xf = J2xren = e^^x + ZA{t), 

n=l 


where 


pt QQ / pt 

ZA{t)= / ed-^^^dZs = J2i / 

Jo \Jo 


e-zAt-s) 


When the Levy process {Zf)t^o is square integrable with zero mean. Corollary 
2.3 has been proved in [21, Proposition 9.7]; when the Levy process (ZP')t^o is 
symmetric. Corollary 2.3 is just [25, Theorem 2.8]. For the general case, we refer to 
[28, Corollary 6.3] for the recent study. Below we include the proof of Corollary 2.3 
for the sake of completeness. 
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Proof of Corollary 2.3. For any n ^ 1 and t ^ 0, let ns consider the stochastic 
convolntion 


Jo 

The law of Yf- is an inhnitely divisible probability distribntion, and its characteristic 
exponent is 


- log(E(e*^^")) = [ ds, t^0,he R, 

Jo 

where is given by (2.8), e.g. see [21, Corollary 4.29] or [35, Lemma 3.1]. Since the 
driving Levy process (Z”)fj>o is a pnre jnmp Levy process, the Levy triplet (0, bt, i'n,t) 
of Yf^ is given by, e.g. see [30, Theorem 3.1] and [19, Proposition 2.1], 

Un,t{D)= [ Me-^'^-D)ds, DePg{R\{0}), 

Jo 

bt= f [ dsun{dz), 

Jz^O Jo ^ ^ 

where z/„ is the Levy measnre of ifn given in (2.8). Therefore, 


( 2 . 11 ) 


CX) « 


yn,t{d^) 


= E /Y / (1 A {e-^^-zf) Mdz)] ds 
Jo \Jn / 

= E ^^-n{dz)+ [ 



ds. 


Assnmption (1.4) gives ns that P(Xf G H) = 1, dne to (2.11) and (2.9). So, 
in order to complete the proof, it remains to show that P(X^ G H) = 1 implies 
R{Xf G H) = 1 for any f > 0. Since (1.4) verihes that 


E ^^^n{dz)Y [ 

^—iJo \ JlpIsSeT"®} J {\z\>e'^na^ 

also by (2.9), for any 0 < t ^ 1, R{Xf G H) = 1. 
For any f > 0, set Yt = Then, 



ds < oo. 


0 < f ^ 1, 



e-7n(t-«) 
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For any t > 1, we have the following identity on the prodnct space 

Yt - dZ^ - dZ^ 

Jo Jo 

Jo Jo 

e{t-u)A 

= f dZl 

Jo 

where = Zi^^ — Zi, n ^ 0, is still a Levy process with valnes in R®^. Note 
that f* ^ has the same law as Yt-i. Since P(Ft-i G H) = 1 for any 

1 < f ^ 2 and P(Yi G H) = 1, we have, by the identity above, P(yt G H) = 1 for 
any 1 < f ^ 2. Using an iteration prodnce, we fnrthermore infer that P(yt G H) = 1 
for any f ^ 0. This proves the reqnired assertion. 

The Markov property of X follows from the identity below 

Yt - dZl, 0 < s ^ f, 

Jo 

where Z* = Z^+u - Zs- □ 



We close this section with two remarks and one example for Corollary 2.3. 


Remark 2.4. (1) According to [9, Theorem 2.3] or [1, Theorem 7], if the Levy 
process Z takes valnes in H, then the linear eqnation (1.1) has the nniqne mild 
solntion X which also takes valnes in H. Thns, it is not snrprising to see that (2.9) 
implies (1.4). 

(2) If the cylindrical Levy process Z given by (1.2) takes valnes in the Hilbert 
space H, i.e. the condition (2.9) holds, then, by the Kotelenez regnlarity resnlt (see 
[21, Theorem 9.20]), trajectories of the process X which solves (1.1) are cadlag with 
valnes in H, e.g. see [23, the first paragraph in Section 4.1] and [25, Remark 2.10]. 
On the other hand, assnme that the process X which solves (1.1) has H-cadlag 
modification, where the Levy process Z is defined by (1.2). Then, according to (the 
proof of) [18, Theorem 2.1], for any e > 0, 



Vn{dz) < oo, 


where for any n ^ 1, is the Levy measnre corresponding to the pnre jnmp Levy 
process (Zf)t^o- 


Example 2.5 (Continnation of Example 2.2). Let X be the process with compo¬ 
nents (1.3), where Z is the cylindrical Levy process given by (2.10). Then, the 
process X takes valnes in H if and only if 


( 2 . 12 ) 


C50 ✓ p 

z^u{dz) 

n=i Jo V 


'{\z\>l3Ye'yri‘} 



ds < oo. 
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3. Coupling Property and Gradient Estimates 


3.1. One-dimensional Ornstein-Uhlenbeck Processes Driven by Subordi¬ 
nate Brownian Motions. In this subsection, we will consider one-dimensional 
Ornstein-Uhlenbeck processes driven by subordinate Brownian motions, which are 
a class of special but important Levy processes. 

We first recall some facts and properties for subordinate Brownian motions. Sup¬ 
pose that is a Brownian motion on R with 


E 


gih(St-So) 



h e R,f > 0, 


and {St)t^o is a subordinator (that is, {St)t^o is a nonnegative Levy process on 
[0, cxo) such that St is increasing and right-continuous in t with Sq = 0) independent 
of For any f ^ 0, let /if be the probability distribution of the subordinator 

S, i.e. /if(D) = P(S't G D) for any D G .^^([0, oo)). It is well known that the 
associated Laplace transformation of /if for each f ^ 0 is given by 

^ > q, 

where /(r) is a Bernstein function, i.e. (—^ 0 for all r > 0 and k ^ 1. 
We refer to [32] for more details about Bernstein functions and subordinators. The 
process Z = (Zt)t^o on P dehned by 



Zt = Bst, 


is called subordinate Brownian motion, which is a symmetric Levy process with 


E 


^ih[Zt—Zo) 




h G R,f > 0. 


That is, the symbol or the characteristic exponent of the subordinate Brownian 
motion [Zt )t^o is /(h^), see [13]. The transition density function of the subordinated 
Brownian motion Z exists, and it is given by 


(3.13) 



X — //P\ 
4s ) 


/if (ds) 


for f > 0 and x, // G R. Examples of subordinate Brownian motions include sym¬ 
metric a-stable processes, relativistic a-stable processes and so on. 


Now, we will consider the process X = {Xt)t^o given by 

(3.14) Xf = dZ^, f ^ 0, x G R, 

Jo 

where 7^0 and {Zt)t^o is a subordinated Brownian motion on R associated with 
the Bernstein function /. 

The following result is the key to the proof of Theorem 1.1. Denote by (^^“(R) 
the set of all infinite differentiable functions on R such that all their derivatives are 
bounded. 


lim 

r^oo 


fjr) 

log(l r) 


= oo, 


Proposition 3.1. If 
(3.15) 
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then the Ornstein-Uhlenbeck process given by (3.14) has a density function 

of the form pt{- — Here, for any t > 0, the function pt enjoys the following 

properties: 

(i) Pt > 0 and pt G (^“(R) such that pt is even on R, p[ is odd on R. 

(ii) 

(3.16) re-«W*, 

Jk Pt{x) Jo 

where for any t, r > 0 , 

Ft{r)= f f{e-^'^^r)ds. 

Jo 


Proof. Let us first consider the stochastic convolution 

Yt= [ t^O. 

Jo 

A direct calculation shows for any h G R and t ^ 0, 

^e-^hY, _ gxp ^ ^ ds'^ = exp - Ft{h^)^ , 

e.g. see [21, Corollary 4.29] or [35, Lemma 3.1]. 

Since r i-G- f{e~‘^"*^r) is a Bernstein function for every s > 0 and 7 ^ 0, it follows 
from [32, Corollary 3.7] that A) is also a Bernstein function. Then, there exists a 
probability measure pt on [0, cxo) such that its Laplace transformation 

e~'^^ pit{ds) = r ^ 0 . 

Furthermore, due to (3.15), we have 



Ftir) 

lim -— -- = 00 for all f > 0 . 

r^oo log(l + r) 

According to (the proof of) [16, Theorem 1], we know that for all f > 0 there exists 
a density function pt for L) such that pt G C'^(R), and exists and belongs to 
Li(R) n Coo(R) for all n ^ 0. By (3.14), we know that for any f > 0, the density 
function of Xf exists and is equivalent to pt{- — e~'^^x). On the other hand, as 
mentioned above, F)(r) is a Bernstein function. Therefore, according to (3.13), 

Pt{x) = / — e 4 . p,^[ds), X G R. 

Jo v 47 rs 

Clearly, pt{x) > 0 for all x G R, Pt(x) is even and p((x) is odd. In what follows, we 
write Pt(x) = qt{x^) for all x G R, where 


qt{x) = 


y/4:713 


Pt{ds). 


It is easy to see that for any n ^ 1, exists such that for any x > 0, ^H^;) < 0 

and qf'^\x) > 0. Therefore, 




Pt{x) 


dx = 2 


iPt{x)f 

Pt{x) 


dx = 4 


Vxq[{xY 

Qtix) 


dx. 


'OO 
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Since, by q{+oo) = q'{+oo) = 0, q[{x) < 0 and q^^\x) < 0 for all a: > 0, 

poo / poo \ 

Q'tixf = -2 y q'Mq'tiu) du ^ 2q'l{x) j q[{u) duj = 2q”{x)qt{x), 
we arrive at 


'R 


Pt{x) 


dx ^ 8 y/xq"{x) dx. 


Noting that 


we further get 




(p'Ax)f , 1 r ^ r I ,,,, 

dx —;= / \/x I —TTT^e pt{ds) dx 


IR 


Pt{x) 


Jo 

2 r°° 


'0 


s5/2 


\fre '"dr -pt{ds) 
TT Jo Jo s 

OO 2 


=2 / -pt{ds) 


'0 


foo roo 


=2 ^ dr pt{ds) 

Jo Jo 

poo poo 

=2 dr e~''^ pt{ds) 

Jo Jo 

poo 

=2 / dr. 

Jo 


This proves (3.16). The proof is completed. 


□ 


3.2. Ornstein-Uhlenbeck Processes on H Driven by Cylindrical Subordi¬ 
nated Brownian Motions. In this part, let X be the process with components 
(1.3), where for any n ^ 1, is a subordinated Brownian motion associated 

with the Bernstein function /„ satisfying 


lim 

r^oo 


fnjr) 

log(l + r) 


= OO. 


For simplicity, we call X the Ornstein-Uhlenbeck process driven by additive cylin¬ 
drical subordinate Brownian motions. 

We will drive explicit estimates about the uniform norm of the gradient for the 
semigroup {Pt)^o corresponding to linear evolution equations driven by additive 
cylindrical subordinate Brownian motions. Recall that the uniform norm of the 
gradient for the semigroup {Pt)t^o is dehned by 


VFilloo := sup \VzPtg{x)\ : || 2 r|| ^l,x e'H.,g E Fb(H) with 


H.oo 


C 1 


XzPtg{x)\ := limsup -|Pt 5 f(a: -F ez) - Ptg{x)\. 
e^o s 


where 
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Proposition 3.2. Let X be the Ornstein-Uhlenbeck process driven by additive cylin¬ 
drical subordinate Brownian motions as above, such that it takes values in H. Let 
(Pt)j>o and Pt{x, •) be its semigroup and transition kernel, respectively. Then, for 
any t > 0, and x, i/ G H, 

(3.17) llVPilU ^ Tli, 
and 

(3.18) ||Pt(a:, •) - Pt{y, •)||var ^ 2Ai||a; - y\\, 
where 

2sup [ f (ir 

V Jo 

Moreover, it holds that for any t > 0, 



A ^ Ct : = 


' 2 sup 

k^l 


e-tfk{r) c?r I A ( 


'•OO l-e-27fcf 


fk{r) 


dr 


t > 0. 


Proof. Without loss of generality, we will assume that At < oo for all t > 0. The 
proof of (3.17) is motivated from that of [23, Theorem 4.14], and so here we only 
point out the main differences. Identifying H with P through the basis (e„), we have 


g{x) = g{xi,-■ ■ ,Xn,-■ ■), X e H. 
For any x = (Xn) G denote by 


Tt= 

k=l 

the Borel product measure in such that 


Pk%dzk) = Pk,t{zk - e dzk, k^l. 

According to Proposition 3.1 and Hypothesis (H), we get that for any g G Pfe(H), 


n OO n OO 

Pt 9 {x)= / g[y)\\Ll\{dyk) = / g{z)\\pk,t{zk-e~z'^^Xk)dzk. 

k=i J^^ k=i 


We hrst assume that g G C6(H), where ^{((H) denotes the class of all bounded 
continuous functions on H. For any x, h G H, denote by DhPtg{x) the directional 
derivative of Ptg at x along the direction h, i.e. 


DhPtg{x) = lim 
£^0 


Ptg{x + eh) 
e 


Ptg{x) 


We will prove that DhPtg{x) exists for any x,h G H. For n ^ 1, set h(„) = 
YJJk=i dk&k) so that /i(„) —)■ h in H as n —)■ oo. By the dominated convergence 
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theorem, it follows that 

Ptg{x + -Ptg{x) 


Dh^^^Ptg{x) =hm 


In order to pass to limit, as n —)• oo, we will show that 

\^Pk,ti^k~^ hk) ^ , 2/ x\ 

> -;-rrwe hk converges m L (u, I. 

f^^PkA^k-e-'r^^hj,) ^ 

Indeed, Proposition 3.1 shows that the function pk,t is even, and its derivative pA 
is odd. Hence, for any j A k. 




P'kA^k - e pA{zj - e ^Phj) 


/r2 PkA^k - e-zkthk) PkA^j - e 

X PkA^k - e~'^^^hk)pkA^3 - dzkdzj = 0. 

For any n ^ 1 and f, r > 0, dehne 


FnAA= / fAe-"^”^r)ds. 


Therefore, for any m,j G IN, 



-:ry;T7-Te ^'^ hk 1 pAdz) 


k=m 


PkA^k - e T'''*hfc) 


m+j 


^ e -^,tu \ TT / -Zkt ^.7 

I 1 / -7-rrwc ^ hk I I Pkt{zk — e Xk) dzk 

y^PkA^k - e-Zkthk) IIWIA: k) 


k=m 
m+j 




< 


PkA+ 

/ poo \ 1 m+i 

2sup e-FP^Urj ^ h; 


k=m 


m+j 




k=m 


where in the inequality above we have used (3.16). 
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Note that, by changing variables, we find that for any n G IN, 

Dh^„^Ptg{x) = - f g{z + Ttx) f^tidz). 

-'ll \k=l J 

Therefore, we get that 

DhPtg{x) := lim Dh^ Ptg{x) = - [ g{z + Ttx) [ ^ /i?(dz), 

Jm Pk,t{Zk) J 

and for any 0 < s < 1, 




Since 


Ptg{x) = / g{z + Ttx) fit{dz), 

JRW 

{Pt)t^o is Feller, i.e. for any / G C'b(H), Pff G for any t ^ 0. Hence, by the 

fact that 

Ptg{x + - Ptg{x) = / Dh^^^Ptg{x + sh(„)) ds 

Jo 

and again by the dominated convergence theorem, we can pass to the limit, as 
n —?> oo, and get that 

Ptg{x + h) - Ptg{x) = [ DhPtg{x + sh) ds 


and for any 0 < s < 1, 


\DhPtg{x + sh)\ ^ Hi|| 5 (||e,oo||h||. 

Therefore, for any g G it holds that 

\Ptg{x + h) - Ptg{x)\ ^ Hi|| 5 (||e,oo||h||. 

According to [11, Lemma 7.1.5], the estimate above also holds for any g G i?fe(H). 
Hence, we prove the required assertion (3.17). 

Furthermore, according to the definition of ||VPi||oo, there is a constant £o > 0 
such that for any x, z G H with || 2 ;|| ^ 1, t > 0, 0 < e ^ £o and g G Pfe(H), 


\Ptg{x + ez) - Ptg{x)\ ^ 2e||VP4||oo|k||||5'||H,oo- 

On the other hand, for any x, i/ G H with x ^ y, we can choose n large enough such 
that ||x — i/||/n ^ £o and set Xi = x + i{y — x)/?7, for i = 0,..., n. Thus, 

n 

||Pt(x, •) - Pt(l/, Ollvar ^^||Pt(Xi,-) - Pt(Xi_i, Ollvar 

i=l 
n 

=y' sup \Ptg{xi) - Ptg{xi-i 
•19) Nkoc^i 

n 

^2|| VPtjjoo ^ \\xi - Xi-i\\ 
i=l 

=2\\VPt\U\x-y\\. 


Then, the desired assertion (3.18) is a consequence of (3.17) and (3.19). 
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Finally, for any k ^ 1 and r,t > 0, 

Fk,t{r) 

and 


1/2 pi 

/fc(e“^'^'=V)ds = 


FkAr) > / 

Jii 

Thus, for any f > 0, 

(3.20) ^ 2 sup 

k^l 

This proves the last assertion. 




g-t/fch) dr] A 


1 1 — p-i** 

f{ur) du > —-- 


27fc 


e 


/(=(»■) 


dr 


= < oo. 


□ 


At the end of this subsection, we take the following example by applying Propo¬ 
sition 3.2. 

Example 3.3. Let X be the process with components (1.3), where the cylindrical 
Levy process Z is of the form (2.10), and for any n ^ 1, (Zp)t^o is a subordinated 
Brownian motion associated with the common Bernstein function / satisfying 


lim 


f(r) 


= CX), 


r—>-oo log(l + r) ’ s-i>0 or s^oo f(s) 

Suppose that 

oo rl / 


lim } G (0, oo) for A > 0. 


^ pL 

(3.21) / 

n=l Jo 




/(r A dr -I- 




r /(r ) dr \ ds < oo. 


Then, the process X is a Markov process taking values in H, and for any t > 0, 
x,y e a, 

||VPt||oo ^ Ct, 

and 

\\Ft{x, •) - Pt{y, Ollvar ^ ‘2Ct\\x - y\\, 

where 


Ct:=V2< 


inik^iAk V Jo 


e-Th) dr ) A.^/sup 

k^l 


^-'Ykt f°° l-e-27fct 

' e 


fir) 




dr] >, f > 0. 


Proof. We hrst give a upper bound for the Levy measure of one-dimensional subordi¬ 
nate Brownian motion Bs ^, where S' is a subordinator associated with the Bernstein 
function / satisfying the assumptions in the example. According to [14, Lemma 1.1] 
(also see the proof of it in [14, Appendix 2]), the corresponding Levy measure u of 
Bst is given by u{dz) = p{z^) dz, where 

1 r°° / z‘^\ 

and /i is the Levy measure corresponding to /, i.e. 

poo 

f{r) = (l - e”’'*) p(df), 

Jo 

see [32] and [5, the remark below Theorem 1.1]. Note that, it is equivalent to saying 
that 


(3.22) 


^OO pt 


fir) = 


re ds p{dt) =r e '’^/n(s, oo) ds. 


'0 Jo 


'OO 
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Since for any A > 0, lim/(As)//(s) G (0, cxo), by [4, Theorem 1.4.1, Page 17; 

s—>-oo 

Proposition 1.5.1, Page 22], there exist p ^ 0 and a positive fnnction I on [0, oo) 
slowly varying at oo (i.e. I satisfies linia-^oo ^(Aa;)//(a:) = 1 for each A > 0) snch 
that /(s) = Following [4, Section 1.4.2, Dehnitation, Page 38]), we call / 

regnlarly varying at inhnity with index p. According to the Abelian and Tanberian 
theorems (see [4, Theorem 1.7.1, Page 37]), h^{s) := /x(s, cxo) is regnlarly varying at 
0 (with index —p) and for r large enongh, 

/(r) X /i(r"\cx)). 

Applying the Abelian and Tanberian theorems and the monotone density theorem 
(see [4, Theorem 1.7.2, Page 39]) to (3.22) farther yields for \z\ small enongh 

piz"^) X \z\~^p[4:z'^,oo). 

Here we also have nsed the fact that h^{s) := p(^,oo) is regnlarly varying at oo. 
Combining all the conclnsions above with the fact that / is regnlarly varying at oo, 
we can choose two constants ri, ci > 0 snch that for 0 < \z\ ^ ri, 

\z\-^f{z-^) > C,p{z^). 

By following the same argnments as above and nsing the condition that any A > 0, 
lim /(As) //(s) G (0, oo) , one can verify that there are two constants ^ 2 , C 2 > 0 snch 

that for \z\ ^ r 2 -, 

krV(^"^) ^ C2p{z^). 

Since the fnnctions r i—)■ p(r^) and r i—)■ r“^/(r“^) are continnons and positive on 
bonnded interval [ri,r 2 ], we can hnally hnd a constant Cq > 0 snch that for any 

kl > 0, 

(3.23) \z\~^f{z~‘^) ^ Cop{z^). 

By changing the variables, we hnd that condition (3.21) implies 

(3.24) ^ / I/ rf{r~‘^)dr+ / r~^f{r~‘^)dr\ds<oo. 

n=i Jo V Jo J0-^e-tris J 

Therefore, according to (3.24), (3.23) and (2.12), the process X takes valnes in H 
and it is Markovian, also thanks to Corollary 2.3. 

For any n ^ 1, the process {PnZ^)t^o is a snbordinate Brownian motion with the 
Bernstein fnnction r fn{r) '■= /(/3^r). Then, the reqnired assertions for gradient 
estimate and the conpling property follow from Proposition 3.2. □ 

3.3. Ornstein-Uhlenbeck Processes on H Driven by Cylindrical Levy Pro¬ 
cesses. In this part, we will present the proof of Theorem 1.1 by nsing the split 
techniqne, e.g. see [5, Theorem 1.1] and [33, Theorem 3.2]. 

Proof of Theorem 1.1. By the assnmption (1.5) on Un{dz), we can get that 

Z^ = Yr + W, 

where is a Levy process on R with Levy measnre 

IZnxidz) = \z\~^ fn{\z\~‘^) dz, 

and (Z/)t^o is a Levy process independent of (Yf^)t^o. For any t > 0, set Ft = 
0^r)n^i and Zt = (Zp)n^i. 
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Let Xi and X 2 be the processes with components (1.3) by replacing Z = (Zp)n^i 
with V and Z, respectively. Since (1.4) holds, we know form Corollary 2.3 that the 
processes Xi and X 2 take valnes in H, and both are Markovian. Let cind 

be the semigronps corresponding to Xi and X2, respectively. Then, by the 
independence of and (ZJ^)t^Q, we have 

Ft = Pt^^Tt, t ^ 0. 

Therefore, for any x, z G H, f > 0 and g G Bh(M), 

\VzPtg{x) \ = limsnp - Ptg{x + ez) - Ptg{x) 

e^O £ 


P^^Ptg{x + ez) - P^^Ptg{x) 


wr 


= lim snp - 

£^0 £ 

^ II VF/*'^||oo||^||||.Pt5'||H,oo 

^ ||VFi^^||oo||^||||fi'||e,oo, 

where the last ineqnality follows from ||FJh_^]h ^ 1 for any t > 0. This implies that 

llVFilU ^ ||VF,^i|U, f>0. 

On the other hand, for any t > 0 and x, 1/ G H, 

||Ft(a:, •)-Ft(i/, •)||var = snp \Ptg{x) - Ptg{y)\ 

llslle.oo^l 

= snp I P^^Ptg{x)- P^^Ptg{y) \ 

ILIIe.oo^l 

^ snp \P^^g{x) - P^^g{y)\ 

Iklle.oo^l 

= ||F,''l(x,-)-F,^l(l/,-)||var, 

where the ineqnality above also follows from ||Ff||H-i.H ^ 1 for any f > 0. 

Next, we tnrn to estimate ||VF/^^||oo and ||F/*'^(a:, •) — F/*'^(i/, •)||var. For any 
n ^ 1, dehne 

dX]'^ = -^nXl’^dt + dY,\ 

Then, the law of X/’” is an inhnitely divisible probability distribntion, and its char¬ 
acteristic exponent is 


<t(/^):=-log(E(F^^‘’")) = 



1 - 


ihe~'^'n-‘z 


z\ fn{z )dzds 


for t ^ 0 and h G R, e.g. see [30, Theorem 3.1] and [19, Proposition 2.1]. Note that 


^n,tih) = 




^1 — COS (he "'"'^z)'^\z\ ^fn{z ‘^)dzds, 
^1 — cos j \z\~^fn{z~‘^) dzds, 


t poo 


=2 



Set 


0 ^0 

t poo 


'n^t 


r) = 2 



(1 — cosm)m ^/n(e ^h'^)duds. 

(1 — cosM)M“^/„(e“^'’'"^M“^r) duds, r > 0. 


0 JO 
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Since, for any n ^ 1 and m, s > 0, the fnnction r i—)■ (1 — is 

a Bernstein fnnction, it follows from [32, Corollary 3.7] that (|)\^ is also a Bernstein 
fnnction. Now, according to Proposition 3.2, for any f > 0 and x, i/ G H, 


|VF,^^||oo^ 






and 


Furthermore, by (3.20), 

1 

ufn{e~‘^'^""^u~‘^r) du ds 
dvds 
ds 



>- 


cos 1 


tfn{e A 


1 - e-T'"* 
27n 


fn{e ^"V) 


Combining with all estimates above yields the required assertion. 
We close this section with some comments on Theorem 1.1. 


□ 


Remark 3.4. (1) When the right hand side of (1.6) is hnite for any f > 0, the 
gradient estimate (1.6) implies the strong Feller property of the semigroup {Pt)t^Q, 
i.e. for any f > 0 and g G Ffe(H), Ptg G (^^(H). Indeed, in this case one can follow 
the proof above and show that under the assumptions in Theorem 1.1, for any f > 0 
and g G ^^(H), Ptg G (^^(H), where (^^(H) is the space of all inhnite differentiable 
functions on H such that their Frechet derivatives D'^g, for alH ^ 1, are continuous 
and bounded on H. See [40] for the recent study on this topic in hnite dimension 
setting. 

(2) Suppose that r~^ fn{r~‘^) dr = oo for any n ^ 1. Then, under condition 
(1.5) and by applying [29, Theorem 24.10 (ii)], we can follow the proof of [25, 
Theorem 3.3] to prove that the process X with components (1.3) is irreducible; that 
is, for any open ball F C H and t > 0, we have P(Wf G F) > 0. Furthermore, 
according to the Hasminkii theorem (see [11, Proposition 4.1.1]), for any f > 0 and 
x,y G H, the laws of Xf and Wf are equivalent, e.g. see [23, Theorem 4.12 and 
Remark 4.16]. 


4. Exponential Ergodicity of Linear Evolution Equations with 

Cylindrical Levy noise 


We begin with the 

Proof of Theorem 1.2. (1) First, we mention that the assumption (i) implies that 
the following two conditions are satished; 










18 


JIAN WANG 


(iii) 


E 

n=l 


,-2-y„s I J1 


e Un{dz) + / Vn{dz) ] ds < OO] 

J{|2|>eT'"®} 


IV 


\z\^Un{dz)ds < oo. 

J {\z\>e-yr.s} 

According to (iii) and Corollary 2.3, the process X = (Xf)t^o takes valnes in H, 
and it is Markovian. Withont loss of generality, we can assume that Ct < oo for any 
f > 0. Then, by Theorem 1.1 and (ii), for any f > 0 and x, i/ G H, 

(4.25) \\Pt{x, •) - Pt{y, Ollvar ^ 2Ct\\x - y\\, 

where 

a = dr^ A dr 


(2) Clearly, (iv) gives us that 
(v) for any n ^ 1, 


in particular. 


/ \z\'^ Vn{dz) < OO] 

log(l + \z\) IZnidz) < OO. 


J{\z\>l} 

Due to the assumptions (iii) and (v), one can follow the proof of [25, Proposition 
2.11] to get that there exists an invariant probability measure /x for the process X. 

Indeed, by the assumption (v) and the fact that 7„ > 0, according to [30, Theorem 
4.1] or [29, Theorem 17.5], for each n ^ 1, one dimensional Ornstein-Uhlenbeck 
process (X")t^o has an invariant probability measure fin, which is the law of the 
random variable 


dZ’^ 


'0 


Therefore, the product measure 


OO 

y Pr 

n=l 


on R,™ is an invariant measure oi X = {Xf). To prove that /x is a probability 
measure on H, it remains to show that /x(H) = 1. Let ^ = (^„) be a random variable 
on with 

POO 

^n= / e-^-^dZ:, n^l. 

Jo 

According to Proposition 2.1, takes values in H if and only of the assumption (iii) 
holds. 

(3) We further infer that the process X is ergodic, i.e. the invariant measure jj, is 
unique, and for any x G H, 
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Note that (4.25) and limi_!.oo Cj = 0 imply that when t —)■ oo, 

||Pt(x, •) Ollvar 

converges to zero locally uniformly for all x,y E H. Let {Pt)t^o he the semigroup 
associated with the process X. Since yPt = y for any f > 0, 

Pt(x, •) •)||var/i(di/) 

holds for any x G H and t > 0. This along with the statement above yields the 
second required assertion. 

Let /ii and /i2 be invariant measures for {Pt)t^o- Then, 


|Pt(2^)') hllvar ^ 


llhl - h2||var ^ / \\Pt{x,-) - Pt{y,-)\\Yi,ryi{dx) H 2 {dy), 


which gives us that yi = y 2 , by letting f —)■ oo. This proves the uniqueness of 
invariant measure. 

(4) To obtain the explicit estimates for the ergodicity of the process X, we shall 
further make full use of (4.25). For any t, s > 0, g E Pb(H) and a G (0,1), by the 
Markov property, 

\Ptg{x) - Pt+sg{x)\ =\E{PMx) - Ptg{x:))\ 

^E\PMx) - Pt9{X!)\ 

\Ptg{x) - Ptg{X^)\^ 


=E 


\Ptg{x) - PMX:)r^X: - X 


=2Cri|(/||e,oo 


where TgX = (e '^"^Xn)n^i and 

K = 


ll-V - x\ 

E(||r,i-i + y,||"). 

dz: ^ 

n^l 


Since a E (0,1], it holds that 

E(i|T,x - X + nr) ^ E((iinx - x|| + iinii)“) ^ \\Tsx - xir + E|inr 

and 

linx - x|i“ ^ iinxii" + nr ^ (6-"““^'^^!^" + i)iixr ^ 2||x|i“, 

where we have used the fact that for any a, 6 ^ 0 and a G (0,1], 

(a + 6)“ ^ a“ + 6“. 

On the other hand, under the assumptions (iii) and (iv), one will prove below that 
E||nr is uniformly bounded for all s > 0, i.e. 

(4.26) supE||nr<oo. 


s>0 


If (4.26) holds, then 


sup E(imx - X + nr) ^ <^(1 + im 

s>0 


holds for any x G H and some constant O > 0. Combining with all the conclusions 
above, we get that 

\Ptg{x) - Pt+sg{x)\ ^ C(1 + ||xr)CmiH,oo- 
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That is, 


\\Pt{x, •) - Pt+s{x, Ollvar ^ C^(l + 

The proof is completed by letting s ^ oo and noting that /i is the invariant measure 

of 

(5) Next, we turn to prove (4.26). For any n ^ 1 and t > 0, set 

Jo 

Since is a symmetric Levy process, is a symmetric infinitely divisible 

random variable with Levy measure Un^t as follows: 


Un,t{D)= [ Un{e-^^-D)ds, De^{R\{0}). 

Jo 

In the following, we see T)” as the position of some symmetric Levy process with 
Levy measure Un^t at time 1. According to the Levy-Ito decomposition, see [29, 
Chapter 4], we know that 

Yr= f [ zNn,t{dz,ds)+ f [ zN^,t{dz,ds)=:Yj^'^ + Y,^’\ 

Jo V{p|sSl} Jo ^{|2|>1} 


where Nn,t{dz,ds) is the compensated Poisson measure, i.e. 


Nn^tidz, ds) = Nn^tidz, ds) - Vn,t{,dz) ds. 


Set y/ = and = (yj Since is a square integrable 

martingale measure, for any t > 0, by the Cauchy-Schwarz inequality. 


E||y/r 


^E|r”-‘| 

n=l 

oo „ 

/ ds i Z^Un^tX 

n=l Jo J 


a/2 


CXD 




„- 27 „s 


JO 


n=l 




z'^ Un{dz) ds 


a/2 


On the other hand, is a compound Poisson random variable with intensity 
Un,t{{^ ^ ff) kl > f})- the same argument as that for Y^^, we regard yX as 
the position of some compound Poisson process {En,t{s))s^o with Levy measure 
l{|2|>i}(^) ^n,t{dz) time 1. According to the ltd formula for compound Poisson 
process, and the facts that Y^ = 0 and (a + &)" ^ a" + 6" for any a, & ^ 0 and 
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a G (0,1], we find 


E|r”’Y =E 





'0 ^{kl>i} 



0 ^{kl>i} 




< ds 


Jo 


0 ^{N>1} 

/•* f 

-a'ynS I 


\En,t{s) + - |^n,t(s)r) 

{\En,t{s) \ + \z\)°' - |E„,t(s)|“j Un,t{dz) ds 

| 2 ;|“ lZn,t{dz) 

\z\^ IZnidz) ds. 


' {\z\>e~t^‘>} 


Thus, we get that 


UKJ OO 

Epfr <EE|y”-"r < / 

n=l n=l “^0 


3-Q!7„s 


'{\z\>e^^‘} 


\z\^ Vn{dz) ds. 


Combining with all the conclusions above with the assumptions (hi) and (iv), we 
get that 


sup 

t>o 


Eiu.ir < E 


^ /‘OO 


_i ^0 


n=l 

OO 

E 


^-2'ynS 


^-ajnS 




z‘^ iZnidz) ds 


al2 


n=l 


'{|2|>eT'n=} 


\z\°' Vnidz) ds 


< OO. 


The required assertion (4.26) follows. 


□ 


To conclude this section and to furthermore illustrate the power of Theorem 1.2, 
we take the following example, which has been studied in [26, Example 2.7] and [27, 
Example 2.9]. 

Example 4.1. Consider the following stochastic linear equation on H = [0, tt]'^ with 
the Dirichlet boundary condition 

(dX{t,0 = AX{t,0dt + dZ,{0, 
lx{ 0 ,o = x{O, 

[x(f,o = o, ^edD 

where {Zt)t^o is dehned below. The Laplace operator —A with the Dirichlet bound¬ 
ary condition on D has the following eigenfunctions 

^n=i-] sin(ni^) • • •sin(?7,rf^d), nelN'^,^GD, 

and eigenvalues 

7n = = nl + nl + -h n G IN'^. 

We study the dymamics dehned above in the Hilbert space H = L‘^{D) with the 
orthonormal basis {e^}. Let us assume that Z = (Zt) is a cylindrical a-stable noise 
written in the form 

Zt= 

nGM"* 


t ^ 0, 
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where are i.i.d. symmetric a-stable processes with a G (0, 2) and /3 is a real 

number. According to Theorem 1.2, if 


then the system indeed takes values in H, and it is exponentially ergodic. The 
condition above implies that by choosing f3 negative enough the system can be 
exponentially ergodic for all d ^ 1, which also extends [27, Example 2.9]. 
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